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Abstract We show that spatial variation and corre-
lation of superconductivity fluctuations in a two-band
model are scaled by two characteristic lengths. This re-
sults in substantially more complicated picture com-
pared to one-band systems. In particular, short-range
correlations are always present in a two-band scenario,
even near the phase transition point.
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Correlation functions · Two-gap superconductivity
1 Introduction
The multi-band superconductivity mechanisms with in-
terband pairing channels have been became more and
more actual [1,2,3]. The rich physics included here is
reflected by the unusual properties of relevant com-
pounds. In particular, the discovery of novel vortex
structure in magnesium diboride [4], interpreted as type-
1.5 superconductivity, points unambiguously to the non-
trivial modification of coherency in multi-gap systems
[5]. Recently the existence of type-1.5 superconductiv-
ity was suggested also in strontium ruthenate [6].
The various aspects of spatially inhomogeneous multi-
gap superconducting ordering were considered in Refs.
[5,7,8,9,10,11,12,13,14,15]. In this paper we examine
the correlations and spatial variation of fluctuations in
a two-band superconductor with intraband and inter-
band pairings.
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2 Correlation lengths in two-band
superconductivity
The spatially inhomogeneous two-band superconduc-
tivity is described (see e. g. [11]) by the following gap
equations in the vicinity of critical point
∆α(r) = −
∑
α′
Wαα′ρα′
[
g(T )− ν |∆α′(r)|
2
+ βα′∇
2
]
∆α′(r) . (1)
Here
g(T ) = ln
(
1.13h¯ωD
kBT
)
, (2)
βα =
7ζ(3)h¯2v2Fα
48(pikBTc)2
, (3)
ν =
7ζ(3)
8(pikBTc)2
, (4)
vFα are the Fermi velocities and ρα are the electron
densities of states at the Fermi level in the correspond-
ing bands, α = 1, 2. It is supposed that the supercon-
ducting ordering is created by the intraband effective
electron-electron attractions with constants W11,22 <
0 and by interband pair-transfer interaction (constant
W12 = W21). These interaction channels are supposed
to be operative in the energy layer ±h¯ωD around the
Fermi level intersecting both bands. The temperature
of the bulk superconducting phase transition Tc follows
from the linearized equations (1) in the spatially homo-
geneous case.
We consider the small deviation from the bulk su-
perconductivity representing∆α(r) = ∆
∞
α +|∆
∞
α | fα(r)
where ∆∞α are the bulk gaps. The system of linearized
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equations for the fluctuations fα(r) follows from Eq.
(1), namely
ξ21∇
2f1(r) = f1(r) + Ξ12f2(r),
ξ22∇
2f2(r) = f2(r) + Ξ21f1(r), (5)
with
ξα =
√
Kα
Aα
, Ξ12,21 =
c
A1,2
∣∣∆∞2,1∣∣∣∣∆∞1,2∣∣ , (6)
Kα = ραβα , Aα = aα + 3bα|∆
∞
α |
2 , (7)
c =
W12
W 212 −W11W22
, (8)
a1,2(T ) =
W22,11
W 212 −W11W22
− ρ1,2g(T ) , bα = ραν . (9)
If interband interaction channel is absent, Ξ12 = Ξ21 =
0 and the system (5) splits into two independent equa-
tions. For this case ξ1,2 are the coherence lengths which
describe the spatial behaviour of superconductivity in
the autonomous bands.
For finite interband coupling the quantities ξ1,2 can-
not be treated as relevant coherence lengths. Instead,
one obtains [11] on the basis of Eqs. (5) the length scales
ξ± for the spatial variation of fα(r), and
ξ−2± =
1
2
{
ξ−21 + ξ
−2
2
±
√(
ξ−21 − ξ
−2
2
)2
+ 4
c2
A1A2
ξ−21 ξ
−2
2
}
. (10)
The coherence lengths found cannot be attributed to
the separate bands. Their temperature dependencies
are shown in Fig. 1. As c
2
A1A2
= 1 at the phase transi-
tion temperature Tc, one observes the critical (diverg-
ing) behaviour of ξ−(T ) near Tc, while ξ+(T ) remains
finite. The maximum of ξ−(T ) below Tc is characteristic
Fig. 1 The coherence lengths ξ− and ξ+ vs temperature. Pa-
rameters: ρ1W11 = −0.18, ρ2W22 = −0.174, |W12|√ρ2ρ1 =
0.0003, h¯ωD = 0.3 eV , vF1 = 4×105 m/s, vF2 = 5×105 m/s.
feature of a superconductor with tiny interband pair-
transfer interaction. That non-monotonicity is corre-
lated with the temperature where the band with weaker
superconductivity becomes active. The second peak of
ξ−(T ) disappears with increase of interband coupling.
3 Spatial behaviour of fluctuations
By considering the dependency on x-coordinate only,
the general solution of the system (5) has the form
f1(x) = p
−
1 e
−x/ξ− + p+1 e
−x/ξ+ ,
f2(x) = p
−
2 e
−x/ξ− + p+2 e
−x/ξ+ , (11)
where
p−1 =
b+f1(0)− f2(0)
b+ − b−
=
p−2
b−
,
p+1 =
f2(0)− b−f1(0)
b+ − b−
=
p+2
b+
(12)
with
b± =
ξ21ξ
−2
± − 1
Ξ12
=
Ξ21
ξ22ξ
−2
± − 1
. (13)
The temperature dependencies of the amplitudes p±1,2
are depicted in Fig. 2 for weak interband pairing. For
T → Tc the spatial behaviour in the band with stronger
superconductivity is scaled predominantly by the crit-
ical coherence length (p−1 ≫ p
+
1 ). In this case the su-
perconducting ordering is very close to the one-band
situation where only one (critical) coherence length is
of relevance. Larger discrepancy between intrinsic in-
traband critical points and the weakness of interband
Fig. 2 The coefficients p−1 (thin dashed blue line), p
+
1
(thin dashed-dotted red line), p−
2
(thick dashed blue line)
and p+
2
(thick dashed-dotted red line) vs temperature for
|W12|√ρ1ρ2 = 0.003. The other parameters: f1(0) = f2(0) =
10−4, ρ1W11 = −0.23, ρ2W22 = −0.2, , h¯ωD = 0.3 eV ,
vF1 = 4× 105 m/s, vF2 = 5× 105 m/s.
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Fig. 3 The coefficients p−
1
(thin dashed blue line), p+
1
(thin dashed-dotted red line), p−
2
(thick dashed blue line)
and p+
2
(thick dashed-dotted red line) vs temperature for
|W12|√ρ1ρ2 = 0.01. The other parameters as in Fig. 2.
interaction play in favour of that trend. With the low-
ering of the temperature (Fig. 2) or with increase of
interband pairing (Fig. 3) the non-critical channel be-
comes important for the band considered.
For the band with weaker superconductivity both
critical and non-critical channels contribute near Tc (p
+
2 ∼
−p−2 ). From Fig. 4 we clearly see that for shorter dis-
tances f2(x) scales by ξ+, while for longer distances by
ξ−. Moreover, the interplay of critical and non-critical
contributions can result in the non-monotonic depen-
dence of f2(x).
Fig. 4 The dependence of f1(x) (thin black line) and f2(x)
(thick black line) together with critical (thick dashed blue
line) and non-critical (thick dashed-dotted red line) contri-
butions to f2(x) for T = 0.99Tc and |W12|√ρ1ρ2 = 0.003.
The other parameters as in Fig. 2.
4 Correlation functions of two-band
superconductivity
Critical and non-critical coherence lengths (10) appear
as scaling factors in the expressions for the correlation
functions of superconductivity fluctuations
Γαα′ (r, r
′) = 〈ηα (r) η
∗
α′ (r
′)〉 − 〈ηα (r)〉 〈η
∗
α′ (r
′)〉 , (14)
where ηα (r) = δα (r) − ∆
∞
α and δα (r) are the non-
equilibrium gap order parameters. By using the statis-
tics, determined by the non-equilibrium free energy, one
finds in the Gaussian approximation [15]
Γαα′(r− r
′) = Γ+αα′(r− r
′) + Γ−αα′(r− r
′) (15)
with
Γ±11(r− r
′) = ∓
kBT
8piKα
ξ2∓(ξ
2
± − ξ
2
2)
ξ22(ξ
2
− − ξ
2
+)
exp
(
− |r−r
′|
ξ±
)
|r− r′|
,
Γ±22(r− r
′) = ∓
kBT
8piKα
ξ2∓(ξ
2
± − ξ
2
1)
ξ21(ξ
2
− − ξ
2
+)
exp
(
− |r−r
′|
ξ±
)
|r− r′|
,
Γ±12(r− r
′) = ∓
kBT
8piK1K2
ξ2+ξ
2
−c
ξ2− − ξ
2
+
exp
(
− |r−r
′|
ξ±
)
|r− r′|
. (16)
As interband pairing vanishes, Γαα transforms into
the correlation function of independent band, scaled by
the relevant coherence length, and Γ12 → 0. If inter-
band interaction is present, the picture becomes more
complicated. For shorter distances |r− r′| ≪ ξ+ < ξ−
the functions Γαα decrease in space as |r− r
′|−1, and
this dependence may be caused by the different contri-
butions in the bands stemming from critical or non-
critical coherency channels. As the distance separat-
ing fluctuations increases, long range correlations, de-
termined by ξ−, become dominating. Therefore, there
exists a possibility for the interchange of the leading
role between the critical and non-critical contributions
in the spatial behaviour of Γαα. At T ≈ Tc the short-
range correlations ∼ |r− r′|
−1
exp
(
−
|r−r′|
ξ+
)
are also
involved. In the one-band case only long range corre-
lations ∼ |r− r′|
−1
are present in this temperature re-
gion. More detailed analysis of the correlation functions
(15) can be found in Ref. [15].
5 Conclusion
It was demonstrated that two-gap inhomogeneous su-
perconductivity involves more complicated physics com-
pared to one gap situation. Critical and non-critical
coherence lengths, found in two-band scenario, scale
the spatial behaviour of superconducting fluctuations
as well as their correlation functions. The concrete pic-
ture depends substantially on the temperature and the
strength of interband interaction. However, even in the
vicinity of critical point both short-range and long-
range correlations are essential.
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